This paper investigates formation control of multiple nonholonomic differential drive wheeled mobile robots (WMRs). Assume the communication between the mobile robots is possible where the leader mobile robot can share its state values to the follower mobile robots using the leader-follower notion. Two approaches are discussed for controlling a formation of nonholonomic WMRs. The first approach is consensus tracking based on graph theory concept, where the linear and angular velocity input of each follower are formulated using first order consensus protocol, such that the heading angle and velocity of the followers are synchronized to the corresponding values of the leader mobile robot. The second is l- approach (distance angle) that is developed based on Lyapunov analysis, where the linear and angular velocity inputs of each follower mobile robot are adjusted such that the followers keep a desired separation distance and deviation angle with respect to the leader robot, and the overall system is asymptotically stable.The aim of this paper is to compare the performances of the presented methods for controlling a formation of wheeled mobile robots with matlab simulations.
I. Introduction
In the recent years there are a lot of interest to the design of mobile robots i.e. wheeled mobile robots (WMRs) [1, 2, 3, 4] , due to their use in the societal and industrial applications. Unlike the majority of industrial robots that can move only in a specific workspace, mobile robots have the special feature of moving around freely within a predefined workspace to achieve their desired goals. This mobility capability makes mobile robots suitable for a large repertory of applications in structured and unstructured environments [5, 6, 7] .
In certain time, the complexity of robot's tasks may increase, and a single mobile robot may not accomplish several tasks simultaneously or efficiently. To solve this problem, formations of these robots are called to work in parallel. There were many advantages when a team of mobile robots move in formation, such as increasing the efficiency, the accuracy, the robustness of the system to external effect, decreasing the system cost and increasing probability of success.
A group of robots can be used for accomplishing many tasks such as moving large awkward objects, terrain model acquisition, planetary exploration, surveillance applications [8, 9, 10, 11] . Formation of mobile robots control methods can be partitioned into three class approaches: virtual structure approach [12, 13] , behavioral approach [14, 15] and the leaderfollower approach [16, 17, 18] .
In the leader-follower approach, one of the vehicles is designated as the leader, with the rest of the vehicles designated as followers. The basic idea is that the followers track the position and orientation of the leader with some prescribed (possibly time-varying) offset. There are numerous variations on the leaderfollower topic including designating multiple leaders, forming a chain (vehicle tracks vehicle), and other tree topologies. There have been a number of works of leader-following mobile robotics. The leader-following technique based on the fuzzy logic approach is proposed for formation of wheeled mobile robots [18, 19] .
Feedback linearization techniques are used to derive tracking control laws for nonholonomic robots that are used for leader-following. In addition, the authors used potential fields for obstacle avoidance [20] . A combination of a linear model predictive control and input-output feedback linearization is implementedon a team of WMRs in order to accomplish a formation task [21] .
Controlling a formation that comprises large number robots poses some problems such as high communication load, high energy consumption and lack of robustness. Therefore, controlling some formation using graph theory is a solution [22] that increases the reliability of mathematical analysis, the effectiveness of realization, and reducing the power consumption with real robots [22] . This paper discusses two approaches for controlling a formation of multiple nonholonomic differential drive wheeled mobile robot based on the leader-follower structure. The first approach is consensus tracking based on graph theory concept [23] . Each WMR has single integrator nonlinear dynamics. The formation is described by a graph; each node of the graph represents a WMR, which is connected to its neighbours through an adjacency matrix. Each node also has some effects on its neighbours for sharing communication information hence the leader.
WMR can share its state information with the neighbor follower. Notice that the WMR receiving information about the input reference commands is named as the leader mobile robot and the other robots are follower robots. The linear and angular velocity inputs of each follower are formulated using first order consensus protocol, as well as the heading angle and velocity of the followers are synchronized to the corresponding values of the leader robot. The WMRs are synchronized to move off in formation with the same speed and directed orientation using consensus protocols. The separation distance and deviation angle between the leader and the follower robot motion are not controlled through the consensus protocol. The second approach is called l-(also called distance angle) which aims to control the desired distance and deviation angle between the leader and the follower robot. This approach is formulated based on Lyapunov analysis [24] . The linear and angular velocities of the follower are formulated such that the system is asymptotically stable in the sense of Lyapunov. In order to prescribe a formation maneuver, the leader's velocities commands are needed to be specified from the desired position and angle between the leader and the follower.
Related to the existing works on formation control of mobile robots based on the leader-follower structure, the main contribution of this paper is comparing the performances and the characteristics of consensus protocol with l-approach for controlling a formation of wheeled mobile robots using matlab simulations. Figure 1 displays a typical nonholonomic differential drive wheeled mobile robot moving on the X-Y plane with center of mass C and initial pose parameters. The WMR has two driving wheels mounted on the same axis and a free front wheel. The two driving wheels are derived to achieve both the orientation and translation pose. The derived nonlinear kinematic model which expresses the motion of the WMR is
II. WMR kinematic
The following ( ( ), ( ), ( )) is defined as the robot pose cartesian coordinates at instant time t, where (x(t),y(t)) represents the position of the mobile robot by the fixed cartesian coordinates, and the angle ( ), orientation relatively to the X-axis. ( 0 , 0 , 0 ) is the initial pose coordinates of the robot center of mass C. ( ), ( ) and ( ) are respectively the linear velocity, the angular velocity, and the heading angle of the robot. The kinematic model of Equation (1) describes the velocities of the vehicle but not the forces or torques that cause the velocity. The mechanical structure of the WMR is nonholonomic, it satisfies the following constraint.
This constraint means that the WMR cannot move in the direction of the wheel axis (i.e. Y).
III. Formation consensus tracking
The leader-follower concept can be modelled geometrically as shown in Figure 2 . The robots are identical and their motion equations are given by Equation (1) . The formation might have more robots, therefore this is only to define the symbol of the robots.
Rl and Rf denote the leader and the follower robot, respectively. According to the notation defined in Equation (2), the states and the inputs of Rl and Rf are denoted as (xl ,yl ,l), (xf ,yf ,f) , (vl ,wl) , and (vf ,wf), respectively. 
A. Graph theory
Considering the formation of WMRs that is interconnected and able to share communication among robots, this communication network is modeled as a graph with directed edges corresponding to the allowed flow of information between the systems. The systems are modelled as the nodes in the graph that called agents.
A graph is a pair of G=(V, E) with = { 1 , 2 , … } is a set of N nodes or vertices and E a set of edges or arcs. Elements of E are denoted as (vi, vj) which are termed an edge or arc from vi to vj, and represented as an arrow with tail at vi and head at vj.
It is assumed that the graph is simple by considering that ( , ) ∉ , ∀ is no self-loops, and no multiple edges between the same pairs of nodes. Edge (vi, vj) is said to be out going to node vi and incoming to vj ; and node vi is known as the major while vj is the minor.
The in-degree of vi is the number of edges having vi as a head. The out-degree of a node vi is the number of edges having vi as a tail. The set of (in-) neighbors of a node vi is = { : ( , ) ∈ }, i.e., the set of nodes with edges incoming to vi. The number of neighbors |Ni| of node vi is equal to its in-degree. In the case that teh in degree equals the out-degree for all nodes vi∈ V, then the graph is said to be balanced.
If ( , ) ∈ ⇐ ( , ) ∈ , ∀ , , then the graph is said to be bidirectional, otherwise it is termed as directed graph or digraph, associate with each edge ( , )∈ E a weight aij (note the order of the indices in this definition), assume that the non-zero weights are strictly positive. A graph is said to be undirected if = , ∀ , , that is, if it is bidirectional and the weights of edges (vi, vj) and (vj , vi) are the same.
A directed path is a sequence of nodes 0 , 1 , … , , such that the ( , +1 ) ∈ , ∈ {0,1, … , − 1}. Node vi is said to be connected to node vj if there is a directed path from vi to vj. The distance from vi to vj is the length of the shortest path from vi to vj.
Graph G is said to be strongly connected if vi, vj are connected for all distinct nodes vi, vj∈ V. For bidirectional and undirected graphs, if there is a directed path from vi to vj, then there is a directed path from vj to vi, and the qualifier is 'strongly' omitted.
A directed tree is a connected digraph where every node except one, called the root, has in-degree equal to other. A spanning tree of a digraph is a directed tree formed by graph edges that connects all the nodes of the graph.
A graph is said to have a spanning tree if a subset of the edges forms a directed tree. This is equivalent to say that all nodes in the graph are reachable from a single (root) node by following the edge arrows.
A graph may has multiple spanning trees. Define the root set or leader set of a graph as the set of nodes that are the roots of all spanning trees. If a graph is strongly connected, it contains at least one spanning tree. In fact, if a graph is strongly connected, then all nodes are root nodes.
B. Consensus tracking algorithm
Multi agent systems with the nodes of the graph have a scalar single integrator given by the following equation
with , ∈ .A as basic control design that play role as multi agent consensus tracking.
To implement the role as a multi agent consensus, a distributed control protocol that drives all states to the same values xi = xj, ∀ , has to be fulfilled. This value is known as a consensus value. The local control protocols for each agent i is given as follow
with aij is the graph edge weights of the adjacency matrix ∈ × associated with graph G at time t, xi is the information state of the agent i and xj the information of the corresponding neighbor j th agent. This control distributed in that is only depends on the immediate neighbors Ni of node i in the graph topology. remark 1: note that if these states are equal (or similar), this leads to zero i.e.̇= = 0. remark 2: setting aij=0 denotes the fact that the vehicle i cannot receive information from the vehicle j.
The local voting protocol of Equation (4) guarantees consensus of the multi agent singleintegrator dynamics of Equation (3) if and only if the graph has a spanning tree. If the graph is strongly connected, then it has a spanning tree and consensus is reached.
C. Formation consensus protocol
The leader WMR in Figure 2 is moving with linear and angular velocity (vl ,wl). The local voting protocol of Equation (4) is employed to derive the consensus protocols for formation consensus. The heading angle of the follower robot is synchronized to the leader by the following consensus protocol ̇= − (5) Figure 2 . Multiple WMRs motion on the X-Y plane Therefore, the angular velocity of the follower robot is given as follow
Another consensus algorithm is applied on follower robot to synchronize the follower's velocity to the leader's speed ̇= −
From Equation (7), the linear velocity of the follower robot is given as follow Figure 3 illustrates the general overview of the leaderfollower control system, developed based on consensus protocol.
IV. Formation control using l-Approach
The leader-follower structure for a formation wheeled mobile robots l-approach is displayed in Figure 4 . The different parameters of the l-approach (distance-angle) are indicated in Figure 4 .
As shown in Figure 4 , the variable D denotes the relative distance between the leader and the follower robot. The parameter  indicated in Figure 4 denotes the bearing angle between the horizontal direction and the line connecting the leader and the follower.
is the relative angle between the follower and the leader of mobile robot. The relative distance between the leader and the follower robot D is defined by the following equation
The angular position of the follower robot relative to the leader robot is defined by the following
The tracking errors between the desired values and the actual values of the robots are given this following equation
To derive the linear and angular velocity inputs of the follower robot, the following steps are carried out. step 1: in this step the leader's motion is not considered, and the stability of the follower robot is proved. First of all, the time derivatives of the parameters D and are given as follow
The Lyapunov candidate function is taken as follow 
Notice that the functions V1 and V2 are considered as the quadratic values of the tracking errors and respectively, and the function V3 is the sum of the quadratic tracking errors. The time derivative of the function 1 is given by the following equation
In order to comply the Lyapunov stability condition and to make ̇1 non-positive, it is obvious to choose as follows
is a positive gain. The time derivative of 2 is given as follows
where wf is chosen such that ̇2 is non-positive, and it is given as follows
where is a positive gain. The functions ̇1 of Equation (14) and ̇2 of Equation (16) are made nonpositive yield that ̇3 is non-positive too and the system is asymptotically stable. 
The Laypunov function adopted here is the same form as to the Lyapunov candidate 3 of step 1, thus 3 is the quadratic sum of tracking errors. The time derivative of V 3 is carried out as in the same as step 1. To make the function V̇3 non-positive, the control laws are defined as follow
where and are positive gains. It can be easily checked that vf and wf of Equation (19) create the non-positive function of ̇3 non-positive and the whole system is considered asymptotically stable. Figure 5 gives a general overview of the control system developed by the leader-follower l-approach. It comprises the leader robot, the follower robot, and the Lyapunov based controller. As depicted in Figure  5 , the inputs of the control system are as follow  Leader's velocities (vl, wl).  Desired distance and desired deviation angle of the follower with respect to the leader robot. The leader-follower formation achieves the desired values and ,when the tracking errors and converge to zero.
V. Simulation results
This section provides simulation examples for testing and comparing the performances of the presented approaches i.e. consensus protocol and the lapproach. In the forthcoming, it is considered that all the WMRs of the formation used in the examples are identical, where the motion of each WMR is expressed by the model of Equation (1).
A. Example 1
In this example, the consensus protocol approach are tested for a formation of five WMRs which comprises one leader WMR (L0) and four followers WMRs (F1, F2, F3, F4 Using the reference values ( , ) , the consensus tracking for the formation is realized as illustrated by the control system of Figure 3 . Figure 7 displays the results of synchronizing the headings of the robots to the reference value. Note that all the headings reach the same consensus value . Figure 5 . Controller overview of the leader follower l-approach Figure 8 illustrates the results of synchronizing all the velocities of the WMRs to the velocity reference value V ref . Figure 9 shows the motion of the WMRs on the (X-Y) plane, each WMR starts from its corresponding initial pose, and all the robots converge simultaneously to the same heading value and move off in a formation together with same speed.
B. Example 2
In this example, the consensus protocol is compared with the l-approach. Consider a formation of wheeled mobile robots that comprises one leader and two follower mobile robots. At the initial instant t=0, considerate is considered that the coordinates of the robots as follow Figure 6 . The tree-shaped graph for a network of four followers with a leader By a simple calculation, the initial distance between the robots Rl and Rf1 is D1=2. The initial distance between the robots Rl and Rf2 is D2=4. The input velocities of the leader mobile are shown in the Figure 10 . Notice that the input linear and angular velocities are different from the previous example.
1) Consensus tracking
To realize formation of consensus tracking, the control system shown in Figure 3 is employed. The communication topology among the robots is given as indicated in Figure 11 .
The arrows indicate that the information between the mobile robots is flowing in the arrow direction. Notice that the communication graph has a spanning tree. The adjacency matrix describing the graph of Figure 11 is given as follows Figure 12 shows the time histories of the linear velocity for the three mobile robots. Figure 13 displays the time histories for the angular velocity for the three mobile robots. Figure 14 displays the result of the headings consensus, note that the headings angles of the follower mobile robots are synchronized to the heading of the leader robot. Figure 15 shows the trajectories of the leader and the followers mobile robots on the (X-Y) plane, where all the mobile robots start from their corresponding initial poses.
Note that the three robots move off in formation simultaneously with the same heading angle and speed. The relative distances among the three mobile robots remain the same during the whole time of the simulation.
2) The leader-follower l- approach
It is desired that the distance and deviation angle between the leader Rl and the follower robot #1 Rf1, have the following values
The desired distance and deviation angle between the leader Rl and the robot follower #2 Rf2 are given as follow { 2 = 1.5 2 = 0.15 Figure 16 shows the time evolution of the distance between the robots, notice that both distances converge to the desired distances values 1 and 2 , respectively. The errors of the distances between the robots are depicted in Figure 17 , where both errors convergeto zero. Figure 18 shows the time evolution of the deviation angles between the robots, both converge to the desired angles 1 and 2 . The angles errors between the mobile robots are depicted in Figure 19 , where both errors converge to zero. Figure 20 displays the trajectories of the three mobile robots on the X-Y plane.
It is clear that the three mobile robots move forward in a formation and keeping the desired distance and angle with respect to the leader mobile robot. Comparing the results in Figure 15 and Figure  20 , it can be concluded that the l- approach is controlling the distance and deviation angle between the robots compared to consensus protocol approach.
The followers' trajectories displayed in Figure 15 and Figure 20 , demonstrated that in case of consensus protocol then the followers repeat simultaneously the same trajectory of the leader mobile robot; on the other hand, by using the l-approach the followers perform tracking of the leader's trajectory while maintaining the desired distance and deviation angle between the robots. From the results of example 1 and example 2, the main characteristics and performances of the consensus and l-approach can be summarized as given in Table 1 . The comparison given in Table 1 is valid for a number of robots.
VI. Conclusion
In this paper we have compared the performances of two different approaches (i.e. consensus protocol and l- approach for formation control of multiple nonholonomic differential drive wheeled mobile robots based on the leader-follower structure.
Consensus protocol is developed based on graph theory concepts. A graph is used to represent the communication exchange between the robots. Each node of the graph represents a single robot, which is connected to its neighbours by an adjacency matrix, where each node has some effects on its neighbours for sharing communication information. The mobile robot that receives reference velocities commands is named the leader and others robots are the followers. The input velocities of each follower robot are formulated using first order consensus protocol.
It is shown that the consensus is achieved if the graph has a spanning tree. By using the consensus protocol, the heading angle and velocity of the follower robots are synchronized to the same values with the leader, and we have verified it by a simulation example using a formation of five WMRs. The l-approach is developed based on the Lyapunov theory, where the linear and angular velocity of the follower robots are adjusted such that the follower keeps a separation distance and deviation angle with respect to the leader, moreover the whole system is asymptotically stable in the sense of Lyapunov.
The effectiveness of the two methods are evaluated and compared by simulation examples. The simulation results demonstrated that the follower robots repeat simultaneously the trajectory of the leader when the consensus protocol is adopted. On the other hand, the follower robots perform trajectory tracking of the leader's trajectory using the l- approach, while maintaining a desired distance and angle between the mobile robots.
Consensus protocol approach is considered an advantageous because it is faster, and it consumes less power in real time applications. The l- approach is effective for controlling the follower robots to keep the desired separation distance and deviation angle relative to the leader mobile robot. In the future works it is necessary to develop both algorithms with obstacle avoidance. -Lack of robustness for dynamic changing the geometry of the formation.
-High power consumption with large number of robots
